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Solution. Let A=| "7 : 


je Mere ae Re fH 1,2... 
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We need to show (A+A" 1 =A+A’ 


a, Ay a, a, ay, any A, +a, Arta, + a, +4, 
car = “a1 (2 a An ls “2 A - On2 ad A, + 2 Ay, + Aon ve Ay, +42 
any ane Qin Q, ay, aan Qin ant om Q, ano a ay, ne ain + ann 

A,+a, Gy+a, - a, +a, 


Ay,t+4,, Aytd, + a,+a r 
Ty here tee ee =(A+ A") = A+A" is symmetric matrix. 


a,beR>a+b=b+a 


Qi, +a, Ann tay. 4, ta 


Second Solution. Or we can use properties of matrices. 


Let A be a square matrix. 
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(A+a’) 


(A+B)! =A +B" (4” i = A+B=B+A 


3 0 2 
2. Let A=|1 -1 O|. Find inverse of A, if it exists. 
0 1 1 


3. Let A, B, C and D be 3x4—matrices such that 


4. 


Aaa Sp i) Sand: “Ces py. 
Find an invertible matrix P such that PA=C and write P as a product of 3 


elementary matrices accordingly to the diagrams above (20p). 


Solution. A—2- 8% -» B—-24e% 5 ys BRR 


1 0 O/f0O 1 O]f1 00 
P=e,(I)e,(1)e(1)=|0 1 i 0 0); 0 1 0 
0 -3 1//0 0 1J/]-1 0 1 
[HO 7a, 0] 0 0 0 1 0 
=|1 0 0/]/0 1 Of=|1 O } 
|-3 0 1]|-1 0 1] |4 01 
[oO 1 0] 
P=|1 0 Ol. 
[40-1] 
x+y—-z=2 
x+2y+z=3 


x+y+(k?-5)z=k 


For the linear system, which is given above, determine all values of k for which 
the resulting linear system has 

a) no solution; 

b) a unique solution; 


c) infinitely many solutions (20p). 


Solution. 

1 1 =f 2. 1 1 -1 2 
1 2 1 |3 Se 0 1 2 1 
1 1 k’?-5|k 0 0 k’-4|k-2 


a) For k =—2 the system has no solutions. 
b) For k #+2 the system has unique solutions. 


c) For k =2 the system has infinitely many solutions. 


. Find the fundamental solutions and general solution of the following system 


2x+2y—-z+u=0 
—x—y+2z-3t+u=0 


(20p). 


x+y-2z-u=0 


xty+u=0 
Solution. 
2 2 -1 0 1 0 0 3 -6 3 0 0 
elie: 2) A) ee bre 2 de a ee A 
273 ——2__» 
1 1 2 O {| Rath 0 0 0 3 0O| *®? 10 0 
| eee mes © 0 a 0 O 2 -3 2 0 0 
0 1 0 1 112 0 -1 
eae 112 0 -1 00 1 0 1 
Ee a ———— 
™ 10 0 0 1 +0 ‘ 00 0 1 0 
00 2 0 2 00 1 0 1 
y and wu are free variables. 
—1 
x+1-2z=0>x=-1 1 
Fl) Let y=lu=0>45z=0 =>X,=| 0 
t=0 0 
| 0 | 
—1 
x-2z-1=0>x*=-1 0 
F2) Lety=0,u=1>47z+1=0>z=-l =>xX,=|-l 
t=0 0 


Oe Es 3 


X, and X, are fundamental solutions of the system. General solution is X = yX, +uX,. 


Co FI 


Exercise. Find the values of k for which the matrix equation 
1 0 0 1 0 0 0 1 lk 
x +y +Z +t = 
0 0) 1 01 Os 1p  Oe cL, 


has a solution, and find, for these k, the general solution to the given equation. 


x=1 
Solution. : rl i= yee 
y+z z-t 0 1 y+z=0 
z-t=l1 
100 Of1 1} 0 O O} 1 
rale]=|° 10 Ik ze 0 G Hik 
0 1 1 O;O “ate 0 0 1] =4 —k 
0 0 1 -ti1 0 0 0 o|*k+1 
t is free variable. If the solution exists, k =—1. 
100 O;1 
0 1 0 I/|-1 
0 0 1 -l}1 
0 0 0 0/0 
x=0 : 
t=1>,y+1=0> y=-l1z=1> X,= . 
z-t=0 
1 
0 
Hence the general solution to the homogeneous system is X, =1X, =t Fi 
1 
To find the particular solution as t = 0 
x=1 ; 
y=-l>y=-Lz=1>X,= c 
z=l1 
0 


0 1 1 


ADDITIONAL EXERCISES 


1. Let 
Tt ul 
A= 1 1 
3 -1 1 
Find A”! (the inverse of A) if it exists. 
—1 1 0 
Answer: A'=|-1/2 1 -1/2 
5/2 —2 1/2 
2. Let 
3 -3 7 2 1 -1 0 3 
A=|1 -1 3 O/;andB=|0 O k -l 
1 -1 2 1 0 0 2 -2 


a) Find a row reduced echelon matrix R that is row equivalent to A. 


b) Find the value(s) of k (if exist) for which A is row equivalent to B. 


1 -1 0 3 
Answer: a)R=|0 O &k —-1| and b)k=1. 
0 0 2 -2 


3. Let C, D, L,M and K be 2x4— matrices such that 


C ROR, L 2R, K and D 2R, +R, M 3R, K 


Find an invertible matrix P such that PC =D and write P as a product of 4 


elementary matrices accordingly to the diagrams above. 


—4 1/3 
Answer: P = 


4. Compute A*—A+3/ for 
-1 -3 1 
A=|0O0 —2 2). 
1 1 O 


a 0 
5. Determine all matrices of the form | 4 satisfying A>—-I =O. 


6. Find a row-reduced echelon matrix R which is row equivalent to 


1 -1 1 3 1 
dee 1 2 -1 1 O 

0 3 —2 —2 -l 

ee A PD 

7. Determine whether 

-l 1 2 1 

1 -1 1 1 

3 1 -1 1 

1 1 2 -1 


is invertible or not. If it is invertible, find its inverse. 


8. Find the general solution of the system 
x-2y-—z+2t=0 
—x+2y4+2z-t=2 
X+y+z+t=4 
x+ty+2z+2t=6 


and write four distinct solutions. 


9. Find the general solution of the homogeneous system 
x-y-z-2t=0 
x+y+2z+3t=0 
—x+2y+z-t=0 
x+2y+2z=0 


10. a) Find the value(s) of r such that the following system of linear equations 


2x+3y+7z+11t=1 
x+2y+4z+7t=2r 
5x+10z+5¢=r-1 


is consistent. 


2x+3y+7z+11¢=0 
x+2y+4z+7t=0. 
5x+10z+5t=0 


—2 -l 
11 —1 -3 
Answer: a) r=— _ b) X =z +t 
31 1 0 
0 1 
x) 
0 1-1 1 
1.Let A=|1 0 -2 3] and x =|"? |. Consider the homogeneous system AX =0. 
0101 . 
X, 


Find for the system: 
a) Free variable(s) and basic variable(s). 
b) Fundamental solution(s). 


c) The general solution. 


2 
d) Is the system AX =B consistent for B =| 1 |? 
0 


—3 


—1 
Answer b) X = x, d) The system is consistent (you need to show why). 


Find the value(s) of t for which the following matrix equation has no solution 
1 2 1 2 1 3 2 5 
1 4] 0 3 L, Os), [es 2 


Answer The equation has no solution iff t #4. 


12. Find the conditions on a, b, c, and d for which the matrix system 


i | i A 3 3 7 7) lad 
pa $s, ee aa = 
a ee et fs a | BS ee ed 


has 


a) no solution; 


b) infinitely many solutions. 


b 11 
c) Find the general solution of the equation for : d = ; | 
Cc 


16. Find the general solution of the system 


2x-y-z=0 
2x-—y+4z=-1. 
—x+2y+z=2 
17. Find x, y, and z if 
1 1 1 1 
an atl 1 | |0 
a fal Pe is a 
1 1 -1 5 
Solution. 
1 1 tl 1 1 I)1 1 1 tl 
1 -1 1/0 me 0 —2 O/|-I1 iy ae QO —2 O-l -5R 
a) Be Fe 0 —2 O|-l =2R 0 0 OO Hares 
1 1 -15 0 O 24 0 O 1-2 
x+y+z=1 : x 5/2 
y=1/2 a ee So the general solution is X =| y |=| 1/2 
x+y-zt+t+u=1 
—x+2y+3z-t+2u=-1 
2x+y—zZ+2t-u=2 
x+6y+4z+t+4u=1 
8y+7z+6u =0 
3x+7y+3z7+3t+3u=3 
Solution. 
[1 1 -1 1 1/1] ft £ et 4a: 41i] [1 1 
-1 2 3 -1 2/-1 0 3 2 0 31/0 0 O 
2 1 -1 2 -12 ae 0 -1 1 O -310 oe 0 -l 
164 1 Sh =| 0 5 0 3/0) Te (0 6 
0 8 7 O 0 7 O 610 0 O 
Lo 2 o 3 33] | 0 6 0 0/0] [0 0 


gt afd 


0 [1] oj1/2 
0 of 
lo 0 Of 0 
1 4 
5 0 + 
i @ 3 
10 0 -12 
15 0 -18 
10 0 -12 


ooclUCmlmlUlcCOlr 


1 ae ay ae Na bs 2 Ae its 
tk 0-1 1 0 -3/0 0 1 0 -3/0 
7 0 0 5 0 -60} -&% |g 9g 0 69 
a2 0 O 5 0 -6/0 ~ Ra +R 0 0 0 O Q |9 
2s 0 O 5 0 -6/0 0 0 0 O Q |9 
[0 0 5 0 -6/0] 0 0 0 0 0? 
t and uw are free variables. 
z=6u/5 
x+y-ztittu=1 P , 
-y+z-3u=0 b> y=7-3u= Bu = A 


5z—6u =0 ee tes 
Se a et gee oe oe tee 


Hence the general solution of the given system is 


x 1-t+2u 1 —1 2 
y —9u/5 0 0 -9/5 
X=|z{/=| 6u/5 |=/|O0]4+t] O j+uj 6/5 
t t 0 1 0 
u u 0 0 1 


